ABSTRACT. By means of a direct approach, a complete set of conservation laws for incompressible fluids is determined. The problem is solved in the material (Lagrangian) description and the results are eventually rewritten in the spatial (Eulerian} formulation. A new infinite family of conservation laws is determined, besides those for linear momentum, angular momentum, energy and helicity.
INTRODUCTION.
The determination of conservation laws, and of the corresponding invariants, for the 3-dimensional Euler equations can be of fundamental importance in studying existence and uniqueness of solutions [1] [2] [3] . In this scheme, Serre examined Euler's equations for the motion for an incompressible inviscid fluid under the assumption that the conserved quantities are independent of the space-time variables. He has shown [1] that the conserved quantites are in fact the linear momentum, energy, and the so-called helicity [4] , only. Later, on adopting a Hamiltonian formulation, Olver has derived the conservation law of angular momentum by considering the generators of symmetry transformations [5] .
In this paper we consider the incompressible fluid model and look for the full set of independent conservation laws, without any restrictive assumption on the form of such laws. In this case no variational formulation, and thus none of the various forms of Noether's theorem, is available. That is why we adopt a direct approach and seek solutions to the vanishing of a 4-dimensional divergence. We find it convenient to solve the problem in the material description and, eventually, to rewrite the results in the spatial (Eulerian) one.
As a result of our approach, the complete set of conserved vectors is given and, as a byproduct, a new infinite class of conservation laws is determined explicitly. This class extends to incompressible fluids a remarkable result discovered very recently for compressible fluids [9] .
Incidentally, the procedure elaborated in this paper is likely to work for more involved situations.
PRELIMINARIES.
To set up a general framework for conservation laws in fluid dynamics we consider a system described by n functions #, 1, 2, n, of the (space-time) variables Xv, As it often happens, here it is convenient to account also for the motion of a fluid particle, usually denoted by a function x(t). where I is the conserved density and IK is the associated flux. As a consequence, the helicity integral [1, 4, 5] is ruled out, since it involves the curl of the velocity field. In view of the previous discussion on equivalence, it is also to be observed that the density is only defined up to the divergence of a spatial vector; this remark will lead to a simplification in the subsequent calculations. Taking the c3/c3x derivative of (4.20) and requiring the symmetry in and j of the resulting expkession we find, in view of (4.18), conclusion, we can write the set of conservation laws through the 4-tuple (I, Iz I 2po (Bztxt + xt.z. + m(t)x,) + .oa(X)z,tz., 1 a being a divergencfree vector.
EXPLICIT FORM OF THE CONSERVATION LAWS.
The direct approach of the previous section has provided an exhaustive set of independent conservation laws for incompressible fluid motions. To discuss the physical interpretation of the results we observe that the arbitrariness of mh, wh, and B leads to the conservation laws for the linear momentum (in a generalized form), the angular momentum, and the energy, respectively.
Indeed, the law for linear momentum derived here, where each conserved component-say PoXht is multiplied by an arbitrary function of the time m(t), constitutes an extension of the usual formulation which corresponds to rnu being constant. As a direct calculation can show, the greater generality is due to the incompressibility constraint; this interpretation is further enforced by the observation that a similar result also holds for incompressible viscous fluids [8] .
As to a, we have I poaHv, x,H, Ix a(p--pv)J.
(5.1)
The law (5.1) mirrors the constraint of mass conservation for the coordinate transformation in the reference configuration r, as follows from a comparison with the results obtained in [9] .
Each of the above conservation laws has a counterpart holding for compressible fluids, with the only exception of the conservation of linear momentum which requires a constant rn [9] . In this connection it is rather unexpected that no center-of-mass theorem has been found, although it has been shown to hold for compressible fluids [8, 9] [5] could not find it.
